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Abstrat
By using a formal analogy between statistial mehanis of mean eld spin systems and
analytial mehanis of visous liquids -at rst pointed out by Franeso Guerra, then re-
ently developed by the authors- we give the thermodynami limit of the free energy and
the ritial behavior of Curie Weiss models for a ertain lass of generalized spin variables.
Then, with the same tehniques, we give a omplete piture of the bipartite Curie-Weiss
model, dealing with the same lass of generalized spins. Ultimately we analyze further the
existene of a minmax priniple for the latter whih mirrors the standard variational priniple
of anonial thermodynamis when generalized to multiple interating parties.
Keywords: MSC35, MSC76, MSC82
1 Introdution
The investigation of statistial mehanis of mean eld spin systems is experiening an inreas-
ing interest in the last deades. The motivations are two-fold: from one side, at the rigorous
mathematial level, a lear piture is still to be ahieved (it is enough to think at the whole
ommunity dealing with the ase of random interations as in glasses [12℄), at the applied level,
these toy models are starting to be used in several dierent ontext, ranging from quantitative
soiology [3℄ to theoretial immunology [13℄.
It is then obvious the need for always stronger and simpler methods to analyze the enormous
amount of variations on theme, the theme being the standard and simplest dihotomi Curie-
Weiss model (CW) [1℄.
Reently, inspired by the pioneering work of Franeso Guerra [7℄, we paved a lear way to man-
age models with self-averaging order parameters by using the CW prototype as a guide [6℄. Here,
at rst, we apply our sheme to work out the single-party CW with general spins (i.e. ontinuous
spins with ompat support and symmetri probability measure [9℄) and we solve in all details
its thermodynamis. Then we swith to the ase of bipartite systems with generalized spins [5℄,
both oering a lear piture of the thermodynamis as well as a digression on the onnetion
of the oupled self-onsistent equations for these models with the existene of an underlying
minmax priniple [8℄.
Overall we overed both the ways of investigation: from one side our analysis is mathematially
lear (no powerful but not fully rigorous methods as replia trik or saddle points are used),
∗
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from the other side it is automatially ready for being implemented into applied senarios, i.e.
the generalized bipartite system extends ompetitions in deision making [11℄ among two om-
munities by allowing their onstituent to assume "softer" viewpoints among eah other (with
respet to the aept/rejet perspetive), being the spins ruling their will ontinuous instead of
dihotomi.
2 The ferromagnet with ontinuously distributed spin variables
We deal with a system made by N i.i.d. spin r.v. σi, i = 1...N , with probability measure µ(σ),
having the following properties:
i) µ(σ) = µ(−σ),
i.e. it is symmetri;
ii) ∃L : ∀ǫ > 0 ∫ L/2+ǫL/2 dµ(σ)f(σ) = ∫ −L/2−L/2−ǫ dµ(σ)f(σ) = 0,
i.e. it has ompat support [−L/2, L/2].
In partiular, denoting with EσN =
∫ +∞
−∞ dµ(σ1)...dµ(σN ) the expetation values with respet to
the N spin variables, we notie that from i) it follows that Eσ[σ] = 0, and from ii) that, for a
given bounded funtion of spin f(σ), it has to be Eσ[f(σ)] ≤ L[supσ∈[−L/2,L/2] f(σ)].
The spins interat eah other, in the way desribed by the Hamiltonian HN (σ, h)
HN (σ, h) = − 1
N
N,N∑
(i,j)
σiσj − h
N∑
i
σi. (1)
Partition funtion, pressure and free energy per site are dened as usual as
ZN (β, h) = EσN e
−βHN (σ,h),
AN (β, h) =
1
N
logZN (β, h),
fN(β, h) = − 1
β
AN (β, h).
Of ourse we are interested in alulating the value of the free energy in thermodynami limit,
i.e. for N →∞, for desribing the thermodynamis of the model. We an also dene Boltzmann
states of our system for a generi funtion of the N spins gN , as
〈gN (σ)〉 = EσN gN (σ) exp(−βHN (σ, h))
ZN (β, h)
. (2)
It is useful to dene also the following quantities:
mN =
1
N
N∑
i
σi, (3)
aN =
1
N
N∑
i
σ2i , (4)
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respetively the magnetization of the system, and the self overlap of spin variables (of ourse we
have trivially aN = 1 ∀N in the ase of dihotomi spin). We always have trivially 〈aN 〉 ≤ L2.
We an even express the Hamiltonian (1) in terms of (3) and (4). It is
HN (σ, h) = −N(1
2
m2N + hmN ) +
1
2
aN .
This is the starting point of the next setion.
2.1 The free energy in the thermodynami limit
We will follow the approah desribed in [7℄[6℄. With this purpose, let us introdue the funtion
ϕN (x, t) : R× R+ → R dened as
ϕN (x, t) = − 1
N
logEσN exp
(
tN
2
m2N + xNmN
)
. (5)
This funtion plays the role of the pressure (up to a sign) of a model dened with a Boltz-
mannfaktor exp
(
tNm2N/2 + xNmN
)
depending by the two other parameters (x, t) (it is just
a matter of names, sine both t and β as well as x and h have the same range of denition).
Anyhow it is stritly related to the pressure of our model, as states the following
Lemma 1. It is, uniformly in N
|ϕN (x, t) +AN (x, t)| ≤ O
(
1
N
)
. (6)
Furthermore we have that ϕN (0, x) = AN (0, x) is Lipshitz-ontinuous ∀N .
Proof. Due to onvexity of logarithm we get
|ϕN (x, t) +AN (x, t)| = 1
N
∣∣∣∣∣log
[
EσN exp
(
tN
2 m
2
N + xNmN
)
e
taN
2
EσN exp
(
tN
2 m
2
N + xNmN
)
]∣∣∣∣∣
≤ 1
N
logEσe
taN
2 ≤ L
2t
2N
,
and (6) is proven. Furthermore, trivially it is ϕN (0, x) = −AN (0, x) = − logEσ[exσ ]. Again by
a onvexity argument, joint with the ompatness of the support of the σ-distribution, it is
|ϕN (x, 0) − ϕN (x0, 0)| =
∣∣∣∣log EσexσEσex0σ
∣∣∣∣
=
∣∣∣∣∣log Eσe
(x−x0)σex0σ
Eσex0σ
∣∣∣∣∣ ≤ logEσe|x−x0|σ ≤ L|x− x0|, (7)
hene ϕN (x, 0) is Lipshitz-ontinuous. 
Remark 1. We have that in the thermodynami limit A(β, h) = −ϕ(x = h, t = β).
Remark 2. From (6) it is easily seen that in thermodynami limit the denitions of state (2)
and the one built with Boltzmannfaktor exp
(
tNm2N/2 + xNmN
)
do oinide (of ourse replaing
(β, h) with (t, x)), thus we atually won't distinguish them in the following.
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The main idea, for solving the thermodynamis enoded into our Hamiltonian, is to relate
the statistial mehanis system to an eetive mehanial one, in whih we naturally identify
x with spae oordinate, t with time, and the funtion ϕN (x, t) with the mehanial ation. In
order to do this we notie that ϕN (x, t) satises the dierential problem [6℄{
∂tϕN (x, t) +
1
2(∂xϕN (x, t))
2 − 12N ∂2xϕN (x, t) = 0 in R× (0,+∞)
ϕN (x, 0) = − logEσexσ on R× {t = 0}. (8)
This is a Hamilton-Jaobi equation with a vanishing dissipative term in the thermodynami
limit. Dened uN (x, t) = ∂xϕN (x, t) the veloity eld, we notie that it orresponds to magne-
tization of the nite size system in our parallelism [6℄.We have that uN (x, t) satises a Burger's
equation again with a mollier dissipative term:
{
∂tuN (x, t) + uN (x, t)∂xuN (x, t)− 12N ∂2xuN (x, t) = 0 in R× (0,+∞)
uN (x, 0) = −Eσσexσ/Eσexσ on R× {t = 0}. (9)
Thus the problem of the existene and uniqueness of the thermodynami limit is here translated
into the onvergene of the visous mehanial problem to the free one. We an use a theorem,
that resumes a number of results obtained by Peter Lax [10℄ and assures the existene of the
solution for free problem:
Theorem 1. For a general dierential problem{
∂tϕ(x, t) +
1
2(∂xϕ(x, t))
2 = 0 in R× (0,+∞)
ϕ(x, 0) = h(x) on R× {t = 0}, (10)
and {
∂tu(x, t) + u(x, t)∂xu(x, t) = 0 in R× (0,+∞)
u(x, 0) = g(x) on R× {t = 0}, (11)
where h(x) is Lipshitz-ontinous, and g(x) = h′(x) ∈ L∞, it does exist and it is unique the
funtion y(x, t) : R×R+ → R suh that
ϕ(x, t) = min
y
{
t
2
(
x− y
t
)2
+ h(y)
}
=
t
2
(
x− y(x, t)
t
)2
+ h(y(x, t)) (12)
is the unique weak solution of (10), and
u(x, t) =
x− y(x, t)
t
(13)
is the unique weak solution of (11). Furthermore, the funtion x→ y(x, t) is not-dereasing.
It is easily seen that Lax's theorem gives us the solution for the free energy of the model. In
fat, if we put u(x, t) = −M(x, t) in the solution of the free Burgers' equation, and use F as a
short label standing for free, we get that the minimizing funtion is y(x, t) = x+ tM(x, t), and
the ation of the mehanial model reads o as
ϕF (x, t) = −A(x, t) = t
2
2
M2(x, t)− logEσ[exp (σ(x+ tM(x, t)))].
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Therefore, we have the following expression for the free energy per site of our models,
f(β, h) =
1
β
[ϕF (x, t)](t=β,x=h)
=
β
2
M2(h, β) − 1
β
logEσ[exp (σ(h+ βM(h, β)))]. (14)
Finally we must prove onvergene of the visous problem to the free one. To this purpose,
we an state the following
Theorem 2. The funtion
ϕN (x, t) = − 1
N
log
√
N
t
∫
dy√
2π
exp
[−N ((x− y)2/2t− logEσ expσy)] (15)
does solve equation (8) and it is
|ϕN (x, t)− ϕF (x, t)| ≤ O
(
1
N
)
.
Furthermore, the funtion
uN (x, t) = −
∫ dy√
2π
x−y
t exp
[−N ((x− y)2/2t− logEσ expσy)]∫ dy√
2π
exp [−N ((x− y)2/2t− logEσ expσy)]
(16)
does solve equation (9) and it is
|uN (x, t) +M(x, t)| ≤ O
(
1√
N
)
.
The proof is exatly analogue to the one given in [6℄, and ultimately due to the uniform
onvexity of the exponent in (15) and (16), that we have here by onstrution, so we will not
report it here.
Therefore we have proven the existene of the thermodynami limit for free energy and
magnetization of our model.
As symmetry breaking are fundamental even in statistial mehanis, we want to report hereafter
some other onsiderations about the existene and the properties of a phase transition in our
analogy.
2.2 Phase transition and shok waves
In this setion we deeply study properties of the free Burgers' equation for the veloity eld (11)
(that we remind is the analogue of the magnetization). We an write the straight line trajetories
of the free system (i.e. the system in thermodynami limit):{
t = s
x = x0 − sEσσeσx0/Eσeσx0 . (17)
As usual in these ases, we an nd a solution for the magnetization along harateristis [4℄.
It is
− u(x, t) = M(x, t) = Eσσ exp [σ(x+ tM(x, t))]
Eσ exp [σ(x+ tM(x, t))]
. (18)
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Remark 3. Putting (x = h, t = β) in (18) we reover the generalized self onsistene equation for
the magnetization. In partiular, by hoosing µ(σ) = (1/2)[δ(σ + 1) + δ(σ − 1)], we immediately
reognize the well known hyperboli tangent of the dihotomi CW model.
An important feature of the veloity eld is that it is monotone with respet to x. Indeed it
is
∂xu(x, t) = −
A(x,y)[σ
2]
1 + tA(x,y)[σ2]
≤ 0,
sine ∀(x, t)
A(x,y)[σ
2] =
Eσσ
2 exp [σ(x+ tM(x, t))]
Eσ exp [σ(x+ tM(x, t))]
−
(
Eσσ exp [σ(x+ tM(x, t))]
Eσ exp [σ(x+ tM(x, t))]
)2
≥ 0
This is known as the entropy ondition for the veloity eld in the theory of shok waves
[4℄[10℄. For M(x, t) it follows that
∂xM(x, t) ≥ 0. (19)
We have seen in [6℄ that in usual CW model, i.e. with dihotomi spin variables, the spon-
taneous symmetry breaking assoiated to the phase transition appears as a shok wave in our
mehanial analogy. The same happens dealing with our generalized variables.
Proposition 1. The line (t > tc, 0), with tc = sup
M0
x0
is a shok wave for M(x, t), and by putting
M± = limx→0± M(x, t), it is M+ = −M−.
Proof. With a glane to harateristis (17) we notie that x = 0 is a stable point of motion1.
Furthermore for x = 0 all the straight lines do interset the x-axis in a ertain time. Dening
tc = sup
x0
M(x0, 0)
x0
= sup
x0
∂xM(x0, 0), (20)
we have that the line (t > tc, 0) is a disontinuity line for M(x, t) sine every point on this line is
an intersetion point of harateristis, i.e. it is a shok waves for the veloity eld u(x, t). We
notie from (20) that, sine we have inf(M2(x, t)) = 0, it must be
tc = sup
x0
Eσσ
2 exp [σ(x+ tM(x, t))]
Eσ exp [σ(x+ tM(x, t))]
≤ L2.
On the other hand, we have that for every time there ertainly exists a neighbors of x = 0 where
the funtion M(x, t) is smooth. Thus we are allowed to use the Rankine-Hugoniot ondition for
the jump along disontinuity [4℄[10℄ for stating M2+ = M
2−. This last result, oupled with (19),
ompletes the proof. 
3 Bipartite models
We are now interested in onsidering a set of N spin variables, in whih is preisely dened a
partition in two subsets of size respetively N1 and N2. We assume the variable's label of the rst
subset as σi, i = 1, ..., N1, while the spins of the seond one are introdued by τj , j = 1, ..., N2.
1
It is atually due to the parity of probability measure of σ.
6
For eah subset all the spins are i.i.d. r.v., with probability measure as disussed above, but in
priniple µ(σ) ould be dierent by µ(τ). Of ourse we have N1 + N2 = N , and we name the
relative size of the two subset N2/N1 = αN . To avoid a trivial behavior of the model, we assume
that the thermodynami limit is performed in suh a way that α = limN αN is well dened.
The spins interat via the Hamiltonian HN(σ, τ, h1, h2):
HN (σ, τ, h1, h2) = − 1
N1
N1∑
i=1
N2∑
j=1
σiτj − h1
N1∑
i=1
σi − h2
N2∑
j=1
τj.
We notie that spins in eah subsystem interat only with spins in the other one, but not among
themselves. Partition funtion, pressure and free energy per site for the model are dened
naturally, in agreement with the previous setion:
ZN (β, h1, h2) = EσN1EτN2e
−βHN (σ,τ,h1,h2),
AN (β, h1, h2) =
1
N1
logZN (β, h1, h2),
fN (β, h1, h2) = − 1
β
AN (β, h1, h2).
Remark 4. It should be notied that, for oherene with already known bipartite models (as i.e.
the Hopeld model [2℄), we hoose N1, instead of N , as the normalization fator inside the free
energy density and pressure. As we are onsidering the extensive saling among the two parties,
i.e. N2 = αNN1 and limN→∞ αN = α ∈ R+, this simply shifts the overall result by a fator
(1 + α)−1.
We an also speify the Boltzmann states of our system as
〈gN (σ, τ)〉 =
EσN1
EτN2
gN (σ, τ) exp(−βHN (σ, τ, h1, h2))
ZN (β, h1, h2)
. (21)
As usual, the respetive magnetizations of the two systems are
mN =
1
N1
N1∑
i
σi, (22)
nN =
1
N2
N2∑
j
τj, (23)
thus the Hamiltonan reads o as
HN(σ, τ, h) = −N1 [αNmNnN + h1mN + h2αNnN ] .
3.1 The free energy in the thermodynami limit
In order to reprodue the same sheme of the previous setion, let us introdue now the (x, t)-
dependent interpolating partition funtion
ZN (x, t) = (24)
EσEτ expN1
(
tαNmNnN +
(β − t)
2
(m2N + α
2n2N ) + x(mN − αNnN ) + h1mN + h2αNnN
)
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Remark 5. Again we notie that the thermodynamial partition funtion of the model is reovered
when t = β and x = 0.
We an go further and dene the ation
ϕN (x, t) =
1
N1
logZN (x, t), (25)
that therefore is just the pressure of the model for a suitable hoie of (x, t). Now, omputing
derivatives of ϕN (x, t), we notie that, putting DN = mN − αNnN , it is
∂tϕN (x, t) = −1
2
〈
D2N
〉
(x, t),
∂xϕN (x, t) = 〈DN 〉 (x, t),
∂2xϕN (x, t) =
N1
2
(〈
D2N
〉− 〈DN 〉2) .
The main dierene with respet to the previous ase is, instead, the more ompliated form
of the boundary ondition, i.e. the ation at t = 0. In fat we have that interations do not
fatorize trivially (in a way independent by the size of the system). It is
ϕN (x, 0) = A
1
N (β, h1 + x) + αNA
2
N (αβ, h2 − x), (26)
where A1N is the pressure of the Curie-Weiss model made by N1 σ spins, and A
2
N is the same
referred to the N2 τ spins. Hene, the results of the previous setion give us a perfet ontrol on
the funtion on the r.h.s. of (26), and we have
ϕN (x, 0) = A
1(β, h1 + x) + αA
2(αβ, h2 − x) +O
(
1
N
)
. (27)
Thus, again we an build our dierential problems for the ation ϕN (x, t){
∂tϕN (x, t) +
1
2 (∂xϕN (x, t))
2 + 12N1∂
2
xϕN (x, t) = 0 in R× (0,+∞)
ϕN (x, 0) = A
1
N (β, h1 + x) + αNA
2
N (αNβ, h2 − x) on R× {t = 0},
(28)
and for the veloity eld DN (x, t){
∂tDN (x, t) +DN (x, t)∂xDN (x, t) +
1
2N1
∂2xDN (x, t) = 0 in R× (0,+∞)
DN (x, 0) = MN (β, h1 + x)− αNNN (αNβ, h2 − x) on R× {t = 0}, (29)
whene, as for the boundary ondition for the ation, we have stated
MN (β, h1 + x)− αNNN (β, h2 − x) = M(β, h1 + x)− αN(αNβ, h2 − x) +O
(
1√
N
)
.
Remark 6. We stress that our method, due to the existene of the Burger equation for the
veloity eld, introdues by itself the orret order parameter, without imposing it by hands. We
will bak on this point in the last setion.
Remark 7. We have that for eah olletion of values (β, α, h1, h2), the funtion DN (x, t) is
bounded ∀N , i.e. the funtion ϕN (x, t) is Lipshitz ontinuous.
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The main diulty here is that we have a sequene of dierential problem with boundary
onditions dependent by N . Anyway we an replae it with the same sequene of equation but
with xed boundary ondition, that is the well dened limiting value for N →∞ of ϕN and DN .
To this purpose it is useful the following
Lemma 2. The two dierential problems{
∂tϕN (x, t) +
1
2(∂xϕN (x, t))
2 + 12N1 ∂
2
xϕN (x, t) = 0 in R× (0,+∞)
ϕN (x, 0) = A
1(β, h1 + x) + αA
2(αβ, h2 − x) = hN (x) on R× {t = 0}, (30)
and {
∂tϕ¯N (x, t) +
1
2(∂xϕ¯N (x, t))
2 + 12N1 ∂
2
xϕ¯N (x, t) = 0 in R× (0,+∞)
ϕN (x, 0) = A
1(β, h1 + x) + αA
2(αβ, h2 − x) = h(x) on R× {t = 0}, (31)
are ompletely equivalent, i.e. in thermodynami limit they have the same solution, ϕN → ϕ and
ϕ¯N → ϕ and it is
|ϕN − ϕ¯N | ≤ O
(
1
N
)
.
Proof. By a Cole-Hopf transform, we an easily write the general form of δN (x, t) = |ϕN (x, t)−
ϕ¯N (x, t)| as
δN =
1
N
∣∣∣∣∣log
∫ +∞
−∞ dy∆(y, (x, t))e
−NRN (y)∫ +∞
−∞ dy∆(y, (x, t))
∣∣∣∣∣ ,
where we introdued the modied heat kernel∆(y, (x, t)) =
√
N
2πt exp
(−N [(x− y)2/2t+ h(y)]),
and RN (y) = |h(y)−hN (y)|, with limN NRN <∞, ∀ y. Now we notie that beause of theorem
2, it ertainly exists an y∗ suh that
sup
y
RN (y) = y
∗
and lim
N
NRN (y
∗) <∞.
Hene it is
δN (x, t) ≤ 1
N
| log e−NRN (y∗)|
=
1
N
[NRN (y
∗)] ≤ O
(
1
N
)
, (32)
that ompletes the proof.
Of ourse a similar result holds also for the Burgers' equation for the veloity eld DN .
So, nally, we must study{
∂tϕN (x, t) +
1
2(∂xϕN (x, t))
2 + 12N1 ∂
2
xϕN (x, t) = 0 in R× (0,+∞)
ϕN (x, 0) = A
1(β, h1 + x) + αA
2(αβ, h2 − x) on R× {t = 0}, (33)
and {
∂tDN (x, t) +DN (x, t)∂xDN (x, t) +
1
2N1
∂2xDN (x, t) = 0 in R× (0,+∞)
DN (x, 0) = M(β, h1 + x)− αN(αβ, h2 − x) on R× {t = 0}. (34)
Now the path is lear, and we an state the following
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Theorem 3. The pressure of the generalized bipartite ferromagnet, in the thermodynami limit,
is given by:
A(β, α, h1, h2) = −αβN˜M˜ + logEσ exp
[
σ
(
h1 + αβN˜
)]
+ α logEτ exp
[
τ
(
h2 + βM˜
)]
, (35)
where, given the well dened magnetization for the generalized CW model respetively for σ and
τ , M(β, h) and N(β, h), it is
M˜(β, α, h1, h2) = M(β, h1 − βM + αβN) (36)
N˜(β, α, h1, h2) = N(β, h2 + βM − αβN). (37)
Furthermore it is
|AN (β, h1, h2)−A(β, α, h1, h2)| ≤ O
(
1
N
)
. (38)
Proof. Theorem 1 gives us the existene and the form of the free solution. We know [4℄ that the
free Burger's equation an be solved along the harateristis{
t = s
x = x0 + sD(x0, 0),
(39)
where
D(x0, 0) = M(β, h1 + x0) + αN(αβ, h2 − x0),
and it is
D(x, t) = D(x0(x, t), 0) = M(β, h1 + x− tD(x0, 0)) + αN(αβ, h2 − x+ tD(x0, 0)).
Then we an notie that
M(β, h1 + x− tD(x0, 0)) = Eσσ exp [σ (h1 + x+ tαN)]
Eσ exp [σ (h1 + x+ tαN)]
, (40)
N(αβ, h2 − x+ tD(x0, 0)) = Eττ exp [τ (h2 − x+ tM)]
Eτ exp [τ (h2 − x+ tM)] , (41)
whih oinide with (36) and (37) when x = 0 and t = β.
At this point we know that the minimum in theorem 1 is taken for y = x − tD(x, t), and,
bearing in mind the general form of the pressure of CW models, given in the last setion, we
have
[ϕ(x, t)](x=0,t=β) =
[ t
2
D2(x, t) − t
2
M2(β, h1 + x− tD(x0, 0))− t
2
α2N2(αβ, h2 − x+ tD(x0, 0))
+ logEσ exp [σ (h1 + x+ tαN)] + α logEτ exp [τ (h2 − x+ tM)]
]
(x=0,t=β)
= A(β, α, h1, h2),
where A(β, α, h1, h2) is given just by (35), bearing in mind the right denition of M˜ and N˜ .
Now we must only prove the onvergene of the true solution to the free one. But, exatly like
in theorem 2, equation (38) follows by standard tehniques, beause of the uniform onavity of
(x− y)2
2t
+A1(β, h1 + y) + αA
2(β, h2 − y)
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with respet to y, assured by theorem 1. In fat we have that, by a Cole-Hopf transform [4℄, the
unique bounded solution of the visous problem is
ϕN (x, t) =
1
N
log
√
N
t
∫
dy√
2π
exp
[
−N
(
(x− y)2
2t
+A1(β, h1 + y) + αA
2(β, h2 − y)
)]
and we have, by standard estimates of a Gaussian integral, that
|ϕ(x, t)− ϕN (x, t)| ≤ O
(
1
N
)
,
i.e. also the (38) is proven.
Finally, by this last theorem, we an easily write down the free energy of the model:
f(α, β, h1, h2) = αN˜M˜ − 1
β
logEσ exp
[
σ
(
h1 + αβN˜
)]
− α
β
logEτ exp
[
τ
(
h2 + βM˜
)]
.
Remark 8. We stress that when reovering the one party senario (i.e. α = 0) the model trivially
redues to the well known CW in an external magneti eld, with the free energy −βf(β, h1) =
ln 2 + ln cosh(βh1).
In the last paragraph we will see how expressions like this one an be derived thought a
minmax priniple.
3.2 The ourrene of a minmax priniple for the free energy
As we have seen in the previous paragraph, the veloity eld DN (x, t) plays the role of order
parameter for the model. Atually, in perfet analogy with other ases of interest (see for
instane the last setion about generalized ferromagnets, or [6℄), the free energy is then obtained
minimizing (or maximizing, depending on the omplexity of the system, i.e. the presene of
frustration [12℄) the ation with respet to the order parameter. In bipartite model one has two
natural order parameters, i.e. eah of whih referred to the party it belongs to. From our study
of bipartite ferromagnet, we know that the true order parameter is a linear ombination of the
two magnetizations, one for eah parties, D = M − αN : What is done by Lax's theorem, for
example for the free energy, is taking the maximum of D on a suitable trial funtional [8℄
f(α, β, h1, h2) = max
D
[
− D
2
2
+
M2
2
+
α2N2
2
− 1
β
logEσ exp [σ (h1 + βM + βD)]− α
β
logEτ exp [τ (h2 + αβN − βD)]
]
This expression is rather unsatisfatory, sine not only the order parameter of the model D
appears, but even the two magnetizations M and N . Anyway we an see the model as desribed
by two dierent order parameters, M and N themselves, and in the last expression one should
take the extremum with respet to both M and N . Anyway we have that D = M − αN , thus
maximize D is equivalent to maximize M and minimize N . We must only rewrite our trial
funtional in terms of M and N , and we have the minmax priniple for the free energy
f = min
N
max
M
[
αMN − 1
β
logEσ exp [σ (h1 + αβN)]− α
β
logEτ exp [τ (h2 + βM)]
]
.
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It naturally arises from the last formula that the free energy is onave with respet to N and
onvex with respet to M , but of ourse it is uniformly onvex along M − αN . Indeed, we have
that M and N are not independent, but are related by (36) and (37), that is
M =
Eσσ exp [σ (h1 + αβN)]
Eσ exp [σ (h1 + αβN)]
, N =
Eττ exp [τ (h2 + βM)]
Eτ exp [τ (h2 + βM)]
. (42)
Remark 9. As for the single party model, we stress that when hoosing µ(σ) = (1/2)[δ(σ+1)+
δ(σ − 1)], i.e. dihotomi ase, the self-onsistent relations redue to the already known[5℄
M(β, h1, α,N) = tanh(h1 + βαN), (43)
N(β, h1, α,N) = tanh(h2 + βM). (44)
However, with respet the model analyzed in [5℄ it should be notied that we miss the self-ontribute
inside eah equation (i.e. M 6= f(M) as well as N 6= f(N)). This is ultimately due to the laking
of the self-interation inside eah party into the Hamiltonian we are onsidering.
These are the true self-onsistene relations of the model, analogue to (18), and we onlude
that the hoie of two dierent order parameters is redundant, sine they are related. One might
make the hoie of putting N = N(M) and study the problem using only M as order parameter
(or vieversa), but, as we have seen it is not so onvenient, sine a beautiful extremum priniple
does not seem to arise studying the system along the diretion of one of the two subsystems
2
,
i.e. along M or N . In fat we know, thanks to our tehnique, that the extremum is taken with
respet to D.
Thus atually one has only one degree of freedom, and the minmax priniple, although on
one hand it gives a more satisfatory form of the ow equations, on the other hand only hides a
more meaningful minimum or maximum priniple. This harateristi of bipartite model seems
to be quite general, and might be extended to other models of interest in future development.
4 Conlusion
In this paper we used a mehanial analogy, introdued and developed in [7℄[6℄, for a omplete
resolution of mean eld ferromagneti models with a very general lass of spin r.v., i.e. with
probability measure symmetri and with ompat support. The free energy in the thermody-
nami limit and the phase transition have appeared in our work as, respetively, the solution in
the limit of vanishing visosity of a Hamilton-Jaobi equation with diusion, and the ourrene
of a shok line for the related veloity eld. Moreover, we have applied the same methods to
the more interesting bipartite systems, made by two dierent subsystem of spins (a priori of
dierent nature), eah one interating with the other, but with no self-interations. We have
seen that the thermodynami limit of the pressure does exist and it is unique and we gave its
expliit expression in a onstrutive way. Further, when introduing the Burger's equation for
the veloity eld, our methods automatially hoies the proper order parameter, whih turns
out to be a linear ombination of the magnetizations of the two subsystems, with dierent signs.
By this property, we developed an analysis of the minmax priniple, pointing out its importane
relating it to the more lassial min/max for the free energy (or, of ourse, for the pressure)
for this very simple model. Notiing that the same struture an be reovered for many other
models of greater interest, like bipartite spin glasses, we plan to report soon about them.
2
This is nally due to the symmetry between the σ subsystem and the τ one.
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